We propose a list of inequalities which characterize central elements in von Neumann algebras and C*-algebras.
In this paper we study the possibility to distinguish central elements of operator algebras among all positive elements, by satisfying certain inequalities for positive functionals. A dual problem of characterizing tracial property by inequalities was considered, for instance, in [1, 2, 3, 4, 6, 8, 10, 12] , and we apply some machinery of those papers.
Throughout the note, M stands for a von Neumann algebra, M sa , M + , and M pr denote the selfadjoint part, the positive part, and the set of all projections in M, respectively. Z denotes the center of M and 1 denotes the identity operator. Let M * denote the space of all normal functionals on M, M h * and M + * denote its Hermitian and positive parts. We will use standard notation for multiplication of a functional ϕ by an operator x, namely, xϕ, ϕx and xϕx denote the linear functionals y → ϕ(xy), y → ϕ(yx) and y → ϕ(xyx), respectively. Recall that a selfadjoint unitary operator in a Hilbert space is said to be a symmetry.
The proof of the following lemma is adapted from [10, Lemma 1] .
If the inequality ϕ(sas) < ϕ(a) holds for some symmetry s ∈ M and some positive normal functional ϕ ∈ M + * , then there exist positive normal functionals ψ 1 , ψ 2 ∈ M + * , such that
Proof. For λ > 0 define normal functionals ψ With the notation ε = (ϕ(a)−ϕ(sas))/ϕ(a), we obtain by a straightforward calculation |ψ
+ the following conditions are equivalent:
(iii) ⇒ (iv) This follows from the equality ϕ = ψ
+ satisfies (vi), then it follows from Lemma 1 that ϕ(sas) = ϕ(a) for each symmetry s in M and any ϕ in M h * . Therefore a = sas for each symmetry s in M. As it is easily seen, the latter implies that a commutes with each projection in M and therefore lies in Z. for all ϕ in M h * . The following theorem is an analog of Gardner's characterization of traces by "triangle inequality" [6] (see, also, [8] ). Proof. Taking into account Corollary 1, for a ∈ Z and ϕ ∈ M * , we get |ϕ(a)| = |(a
for any unitary u and any positive normal ψ. Since the unit ball of M is the closed convex hull of the set of unitaries [9] (see also [7, 1.1.12] ), it follows that |ψ(xa)| ≤ x ψ(a) for every x in M. But then the functional ψa attains its norm at 1 and is therefore positive [5, 2.1.9] . If x ∈ M sa then ψ(xa) = ψ(xa) = ψ(ax). It follows that xa = ax for any x ∈ M sa and therefore a belongs to the center. Proof. Let (π, H) be the universal representation of A and M(π) be the universal enveloping von Neumann algebra [11, Section III.2] . By construction of M(π), the spaces A * and M(π) * are isometrically isomorphic in a natural way. For ϕ ∈ A * , we will denote by ϕ the corresponding functional in M(π) * . Note that |ϕ| = | ϕ| by construction of absolute value [5, 12.2.7, 12.2.8] .
Let a be a positive element of the center of A. It is easy to see that π(a) belongs to the center of M(π). Then for any ϕ ∈ A * we have |ϕ(a)| = | ϕ(π(a))| ≤ | ϕ|(π(a)) = |ϕ|(π(a)) = |ϕ|(a).
On the other hand, let a be a positive element of A and the inequality |ϕ(a)| ≤ |ϕ|(a) hold for any ϕ in A * . Then | ϕ(π(a))| ≤ | ϕ|(π(a)) for any ϕ in M(π) * , which implies that π(a) lies in the center of M(π), hence a lies in the center of A.
Remark 3. One can easily adapt the conditions (iii) -(xi) to the case of C*-algebras and see that each of those modified conditions characterizes central elements.
